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Magnetic Feshbach resonances in collisions of non-magnetic closed-shell 1Σ molecules
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Magnetic Feshbach resonances play a central role in experimental research of atomic gases at
ultracold temperatures, as they allow one to control the microscopic interactions between ultracold
atoms by tuning an applied magnetic ﬁeld. These resonances arise due to strong hyperﬁne interac-
tions between the unpaired electron and the nuclear magnetic moment of the alkali metal atoms.
A major thrust of current research is to create an ultracold gas of diatomic alkali-metal molecules
in the ground rovibrational state of the ground electronic 1Σ state. Unlike alkali metal atoms, 1Σ
diatomic molecules have no unpaired electrons. However, the hyperﬁne interactions of molecules
may give rise to magnetic Feshbach resonances. We use quantum scattering calculations to study
the possible width of these resonances. Our results show that the widths of magnetic Feshbach reso-
nances in ultracold molecule-molecule collisions for 1Σ molecules may exceed 1 milliGauss, rendering
such resonances experimentally detectable. We hope that this work will stimulate the experimental
search of these resonances.
PACS numbers:
I. INTRODUCTION
Much of the success of experimental research with ul-
tracold atomic gases is due to the possibility of tuning
the scattering length of ultracold alkali metal atoms by
means of magnetic Feshbach resonances [1]. The scat-
tering length near a Feshbach resonance undergoes rapid
variation as a function of the magnetic field, which has
been used for experimental studies of Bose–Einstein con-
densation (BEC) [2, 3], bosonic superfluidity [4], quan-
tum magnetism [5], many-body spin dynamics [6], Efi-
mov states [7], Bardeen–Cooper–Schrieffer (BCS) super-
fluidity [8] and the BEC–BCS crossover [9, 10]. A major
thrust of current experiments is to extend this work to
ultracold molecules [11]. Of particular interest are po-
lar alkali metal dimers in the ground 1Σ electronic state
produced by magnetoassociation of ultracold atoms into
a weakly bound state followed by the coherent trans-
fer into the absolute ground state via stimulated Ra-
man adiabatic passage (STIRAP). Several experiments
have recently demonstrated the creation of ultracold KRb
molecules [12] in the ground electronic and ro-vibrational
state and rapid progress is being made with RbCs [13, 14]
and other alkali metal dimers [15–18].
Polar molecules offer long-range dipolar interactions,
which can be used for new exciting applications such as
the study of dipolar crystals [19] and ultracold controlled
chemistry [20, 21]. While the long-range interactions be-
tween polar molecules can be controlled by an external
electric field [22, 23], many applications, such as quan-
tum simulation of spin-lattice models [24] or the study of
dipolar effects on BEC and the BEC - BCS crossover [25],
require independent control over short-range and long-
range interactions. The short-range interactions could,
in principle, be controlled by magnetic Feshbach reso-
nances.
In order for atoms or molecules to exhibit magnetic
Feshbach resonances, it is necessary that (i) the collision
partners exhibit the Zeeman effect; and (ii) the different
Zeeman states be coupled by the interaction potential of
the colliding partners. The Zeeman effect of alkali metal
atoms is determined by both the electron and nuclear
spins. Due to strong hyperfine interactions between the
unpaired electron and the nuclear magnetic moment in
these atoms, each Zeeman state is a linear combination
of the electron and nuclear spin states. If expressed in
the basis of the Zeeman states, the matrix of the inter-
action potential between two alkali metal atoms contains
off-diagonal matrix elements proportional to the energy
difference between the singlet (1Σ) and triplet (3Σ) elec-
tronic states of the collision complex [26]. These matrix
elements give rise to magnetic Feshbach resonances.
Consider now closed-shell atoms with non-zero nuclear
spin - such atoms exhibit the Zeeman effect due to the
non-zero magnetic moment of the nucleus. However, the
interaction potential between the colliding atoms does
not perturb the Zeeman structure. Because the Zeeman
states do not depend on the electronic degrees of freedom,
the matrix of the interatomic interaction potential in the
basis of the nuclear spin states is diagonal and the col-
lision properties of atoms in different Zeeman states are
identical. Such atoms do not exhibit magnetic Feshbach
resonances.
The ultimate goal of the magneto- and photo- assoica-
tion experiments is to produce molecules in the absolute
ground state. If chemically non-reactive [27], molecules
in the absolute ground state are collisionally stable. The
lowest-energy state of 1Σ diatomic molecules is charac-
terized by zero electronic spin angular momentum and
zero rotational angular momentum of the nuclei. If ex-
cited rotational states are ignored, 1Σ molecules in the
ground rotational state can be viewed as closed-shell
atoms. When placed in a magnetic field, 1Σ molecules
exhibit the Zeeman effect due to non-zero magnetic mo-
ments of the nuclei. However, the nuclear spins are un-
2coupled from the electronic degrees of freedom. To first
order, the nuclear spins are also uncoupled from the ro-
tational or translational motions of the molecules.
The presence of closely-spaced rotational states makes
1Σ molecules different from closed-shell atoms. The elec-
tronic interaction between molecules couples different ro-
tational states of the molecules. Because the Zeeman
structure of molecules in different rotational states is
different, the interplay of the couplings induced by the
molecule - molecule interaction potential and the inter-
actions induced by molecular rotations may give rise to
magnetic Feshbach resonances that can be used to con-
trol ultracold collisions of 1Σ molecules. The experi-
mental feasibility of magnetic field control of molecule
- molecule collisions depends on the widths of these res-
onances. While the above discussion suggests that these
resonances must be narrower than the magnetic reso-
nances in collisions of open-shell species, there have been
no attempts to calculate the widths of magnetic reso-
nances in molecule - molecule collisions.
In this work, we present quantum scattering calcula-
tions illustrating that Feshbach resonances in ultracold
molecule-molecule collisions for 1Σ molecules in a mag-
netic field can have experimentally detectable widths. To
elucidate the mechanism of the Feshbach resonances, we
explore the role of the different hyperfine interactions
coupling different Zeeman states. The calculations are
performed for collisions of molecules having the same
structure of hyperfine and rotational levels as RbCs in
the ground 1Σ electronic state. Since the results of scat-
tering calculations for molecular collisions at ultracold
temperatures are very sensitive to the interaction poten-
tial, we perform calculations with a series of model po-
tential surfaces. The inclusion of the nuclear spin states
in quantum scattering calculations greatly increases the
computational difficulty of the problem, forcing us to re-
strict the basis for the scattering calculations to three or
four rotational states for each molecule. These limita-
tions do not allow us to predict the widths of Feshbach
resonances for any specific molecule. Instead, the main
question we aim to answer is, can the hyperfine interac-
tions similar to those in RbCs(1Σ) – in principle – lead to
experimentally detectable widths of magnetic Feshbach
resonances?
II. THEORY
In order to calculate the Zeeman energy levels of the
87Rb133Cs(X1Σ+) molecule, we diagonalize the following
Hamiltonian [28]:
Hˆ = BrotN
2 + Hˆhf + HˆZeeman, (1)
where Brot is the rotational constant of the molecule, N
is the molecular angular momentum excluding nuclear
spins, the operator Hˆhf describes the hyperfine inter-
action [29] and HˆZeeman describes the response of the
molecule to an external magnetic field.
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FIG. 1: (color online) The hyperﬁne structure of the
87Rb133Cs(X1Σ+) rotational ground-state. The hyperﬁne
states considered here are highlighted in red.
Following Aldegunde et al. [29], we write the hyperfine
interaction as
Hˆhf =
2∑
i=1
Vi ·Qi+
2∑
i=1
ciN·Ii+c3I1 ·T·I2+c4I1 ·I2, (2)
where Ii is the nuclear spin of nucleus i. The first term
in Eq. (2) is the electric-quadrupole interaction, which
represents the interaction of the nuclear quadrupole mo-
ment Qi with the electric field gradient Vi at nucleus
i. The second term is the nuclear spin-rotation interac-
tion between the magnetic moment of the nuclear spin
and the magnetic moment created by the molecular ro-
tation. The third and fourth terms describe the ten-
sor and scalar parts of the nuclear spin-spin interaction
respectively, the tensor T describes the direct dipolar
interaction and the anisotropic part of the indirect in-
teraction, which occurs via the electronic distribution
[28, 30]. The constants in the hyperfine Hamiltonian are
borrowed from Ref. [29]. They have the following values:
c87Rb = 98.4 Hz, c133Cs = 194.1 Hz, c3 = 192.4 Hz and
c4 = 17345.4 Hz, the nuclear quadrupole moments are:
(eQq)87Rb = −0.872 MHz and (eQq)133Cs = 0.051 MHz.
The interaction with the magnetic field is a sum of the
rotational and nuclear contributions
HˆZeeman = −grµNN ·B−
2∑
i=1
giµNIi ·B(1− σi), (3)
where gr and gi are the rotational and nuclear g-factors
and σi is a nuclear screening factor. The calculated values
[29] of the constants are gr = 0.0062, g87Rb = 1.834,
g133Cs = 0.738, σ87Rb = 3531 ppm and σ133Cs = 6367
ppm.
Following Aldegunde et al. [29], we diagonalize the
total Hamiltonian using the fully uncoupled space-fixed
basis, |IRbMRb〉|ICsMCs〉|NMN 〉, where I87Rb =
3
2 ,
3I133Cs =
7
2 and the projections of the corresponding an-
gular momenta MRb, MCs, and MN are defined with re-
spect to the direction of the magnetic field vector. The
hyperfine states of 87Rb133Cs(X1Σ+) in the ground ro-
tational state are shown in Figure 1. At zero magnetic
field, the energy levels are labeled by the quantum num-
ber of the total angular momentum F = IRb + ICs +N.
At high magnetic fields, the energy levels can be labeled
by the nearly good quantum numbers MRb and MCs.
Recent experiments demonstrated that ultracold alkali
metal dimers can be selectively prepared in any Zeeman
state of the ground rotational state [31]. In the present
work, we examine the strength of collision-induced cou-
plings between the Zeeman states shown in Figure 1.
These couplings lead to nuclear spin relaxation and mag-
netic Feshbach resonances in molecule - molecule colli-
sions.
To evaluate the outcome of collisions, we follow the
approach described in Refs. [32, 33]. The total scatter-
ing wavefunction, for molecules A and B, is expanded
in the uncoupled space-fixed basis |τAτBLML〉, where
|τi〉 = |I
(i)
RbM
(i)
IRb
I
(i)
CsM
(i)
ICs
N (i)M
(i)
N
〉, for molecule i, and L
is the end-over-end rotational angular momentum of the
molecule - molecule collision complex. This basis is then
symmetrized with respect to the interchange of two iden-
tical molecules [34, 35]. The total angular momentum is
not conserved for collisions in a magnetic field. However,
the total angular momentum projection Mtot and the
parity are conserved and the Hamiltonian can be block
diagonalized. For each value of Mtot and parity, we re-
duce the Schro¨dinger equation to a set of coupled-channel
equations. The solutions of these equations are propa-
gated outwards over a radial grid of molecule - molecule
separation using the improved log-derivative method of
Manolopoulos [36]. We divide the radial grid into short
(4 to 80 a0) and long (80 to 1000 a0) range regions and
use the grid step sizes of 0.0305 a0 (for the short range
region) and 1 a0 (for the long range region). At 1000 a0,
the log-derivative matrix is transformed into the basis of
asymptotic eigenvectors [32] and matched to the appro-
priate scattering boundary conditions [37] to obtain the
S-matrix. The scattering cross sections are then calcu-
lated from the S-matrix elements.
The integration time of the scattering differential equa-
tions scales as the third power of the number of channels
(number of coupled equations). Incorporating the hyper-
fine structure into molecule-molecule scattering calcula-
tions creates hundreds to thousands of additional chan-
nels making the calculations unfeasible. Approximations
are thus required to make calculations feasible and allow
the investigation of hyperfine structure effects in molec-
ular collisions.
III. SUMMARY OF APPROXIMATIONS
The accuracy of the coupled-channel calculations de-
pends on the number of basis states and on the accuracy
of the molecule - molecule interaction potential employed
for the computations. In this section we discuss the ap-
proximations used to make our calculations feasible, the
justification for these approximations and the expected
effect of the simplifications on the computed observables.
The highest order interaction, that is predominantly
responsible for Feshbach resonances, is a combination of
the second order couplings due to the nuclear quadrupole
interaction and the molecule - molecule interaction po-
tential. To first approximation, we propose to neglect
all states that are not coupled to a desired initial chan-
nel via these second order couplings. Practically, this
requires neglecting channels that differ from a specified
initial channel by |∆MItot | > 2Nmax, where MItot =
M
(A)
Rb + M
(A)
Cs +M
(B)
Rb +M
(B)
Cs and Nmax is the largest
value of the rotational angular momentum included in
the calculation. Neglecting these states approximately
halves the number of channels in the calculation. For ex-
ample, this approximation reduces the number of coupled
equations encompassing the molecular states with N ≤ 3
and L ≤ 2 for Mtot = 10 from 4238 to 2060. We have
confirmed that this approximation affects the calculated
cross sections and resonance widths by less than 1 %.
Even with this reduction of the basis set, it is impossi-
ble to converge the cross sections for molecule - molecule
scattering with respect to the number or rotational states
in the basis. Most of the calculations reported here were
performed with the basis set restricted to three rotational
states of each molecule (N ≤ 2) and three angular mo-
menta (L ≤ 2) for the end-over-end rotation of the colli-
sion complex. This basis set allows us to include all first-
order and second-order couplings due to the hyperfine
interactions. Such restricted basis sets were previously
used to draw qualitative conclusions about the dynam-
ics of electronic spin relaxation in molecule - molecule
collisions [38–40].
The following section reports the cross sections for nu-
clear spin relaxation and the widths of magnetic Fesh-
bach resonances. It is necessary to consider the effect
of the rotational basis set truncation on these computed
observables. Including more rotational states in the basis
will lead to more (indirect) couplings between the initial
nuclear spin state and other Zeeman states. Therefore, it
should be expected that the calculations with larger basis
sets will – in general – yield larger cross sections for nu-
clear spin relaxation and magnetic Feshbach resonances
with larger widths. Our aim is to answer the general
question of whether the hyperfine interactions are strong
enough to lead to observable inelastic cross sections and
Feshbach resonances. We argue that if the hyperfine in-
teractions are strong enough in a small basis allowing for
first- and second-order couplings, they must be equally
or more effective when higher-order interactions are in-
cluded.
The third simplication made in the present work con-
cerns the potential energy surface. Although the interac-
tion energy of the RbCs - RbCs complex has been calcu-
lated for selected geometries [41, 42], there is currently no
4full potential energy surface available for two alkali metal
dimers in the ground electronic state. As a starting point
for our calculations, we use the quintet potential surface
recently computed for NH(3Σ−)-NH(3Σ−) collisions by
Janssen et al. [43]. The interaction potential between
polar alkali metal dimers is expected to be more deeply
bound and anisotropic than the NH-NH surface [41, 42].
For example, the interaction energy of the RbCs - RbCs
complex is approximately 1000 cm−1 [41] at the mini-
mum of the potential energy surface, whereas that of the
NH - NH complex is 675 cm−1 [43]. Larger interaction
strength and stronger anisotropy must lead to stronger
couplings. Therefore, the cross sections for the nuclear
spin relaxation and Feshbach resonance widths computed
with the NH - NH surface should generally be smaller
than those computed with more anisotropic surfaces.
In summary, the combined effect of the basis set trun-
cation and the use of the NH - NH surface leads to fewer
and less strong off-diagonal couplings. Therefore, our cal-
culations of the nuclear relaxation cross sections and the
resonance widths should be considered as lower bounds
of general predictions. In addition, we present results
for a range of scaled interaction potentials. Quantum
calculations of scattering observables for ultralow col-
lision energies are usually sensitive to small variations
of the interaction potential. As recommended in Refs.
[39, 44, 45], the results must be calculated and presented
for a range of potential surfaces. Averaging over mul-
tiple potential surfaces reduces the basis set trunction
error [39, 44, 45] and yields an expected range of the
calculated observables. We multiply the NH - NH poten-
tial by a constant factor in order to scale the interaction
strength over a range of values up to the predicted depth
of the RbCs-RbCs potential [41, 42]. The long range re-
gion of the surface most relevant for ultracold collisions
is determined by the electric dipole moment of the in-
teracting molecules. The difference between the dipole
moments of NH (1.39 D [46]) and RbCs (1.25 D [29]) is
well within the range of the scaling.
IV. CALCULATION RESULTS
In the absence of the perturbatively small hyperfine
interaction Eq. (2), the states of a 1Σ molecule are
characterized by the quantum number N of the rota-
tional angular momentum. If two 1Σ molecules were
initially prepared and remained during a collision in
the rotational ground state N = 0, the nuclear spin
states would be completely decoupled from the trans-
lational motion of the molecules. The molecules would
behave as closed-shell atoms so no Feshbach resonances
or collision-induced transitions between different Zeeman
states would be possible. However, as can be seen from
Eq. (2), the hyperfine interaction includes tensors acting
on the rotational states with non-zero N so the hyperfine
structure depends on the rotational angular momentum
N . In states with N > 0, the nuclear spins are coupled
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FIG. 2: (color online) Elastic (black-solid curves) and inelastic
cross sections for two molecules in the initial states; (MRb =
−
3
2
,MCs = −
7
2
) (upper panel), (MRb = −
1
2
,MCs = −
7
2
)
(center panel), and (MRb = −
3
2
,MCs = −
5
2
) (lower panel) as
indicated in Figure 1. The inelastic cross sections are shown
at magnetic ﬁelds of 10 (red-solid curves), 100 (blue-dashed
curves), 1000 Gauss (green-dotted curves).
to the rotational motion of the molecules. The molecule -
molecule interaction potential induces couplings between
rotational states that modify the hyperfine interactions
during collisions. These couplings may give rise to mag-
netic Feshbach resonances and induce the nuclear spin
relaxation in molecule - molecule collisions.
We begin by analyzing the probability of nuclear spin
relaxation of two molecules prepared in the same hyper-
fine state. Figure 2 shows the cross sections for elas-
5tic scattering and inelastic spin-relaxation in collisions of
87Rb133Cs molecules prepared in a number of different
initial states, at a collision energy of 1 nK and at mag-
netic fields of 10, 100 and 1000 Gauss. The inelastic cross
sections are summed over all accessible quantum states.
The cross sections were calculated with three rotational
states N ≤ 2 and three partial waves L ≤ 2 in the basis
set. The elastic cross section does not change appreciably
with magnetic field. Therefore, we only show the elastic
cross section for collisions in a magnetic field of 10 Gauss.
For molecules prepared in the maximally spin-
stretched state (MRb = −3/2,MCs = −7/2, see Figure 1)
of the ground rotational state (N (A) = N (B) = 0) and in
the s-wave collision chanel (L = 0) pertinent for ultracold
collisions, any change in the nuclear spin quantum num-
bers must be accompanied by a change in L. This leads
to centrifugal barriers in outgoing collision channels that
suppress inelastic relaxation [32, 47]. In this case, the
dominant off-diagonal coupling responsible for the nu-
clear spin-relaxation is induced by the second order inter-
play of the nuclear quadrupole interaction and the inter-
molecular interaction potential. The nuclear quadrupole
interaction mixes different rotational states N with dif-
ferentMi, whereMi is eitherMRb orMCs, and the inter-
action potential mixes different rotational states with the
same Mi but different L. The effect of this coupling is il-
lustrated in Figure 3, displaying the spin-relaxation cross
section computed with modified Hamiltonians excluding
the nuclear quadrupole moments of Rb and Cs. When
the nuclear quadrupole moment of Rb is set to zero, the
nuclear-spin relaxation cross section is reduced by four
orders of magnitude. When the quadrupole moments of
both nuclei are set to zero, the cross section is reduced by
about five orders of magnitude. The nuclear quadrupole
moment of Rb is an order of magnitude larger than that
of Cs [29]. Therefore, setting the quadrupole moment of
Cs to zero has an insignificant effect. Although the effect
of the Cs quadrupole moment is small we include both
the Rb and Cs quadrupole moments in the calculations
of resonanace widths.
We have also investigated nuclear spin relaxation in
collisions of molecules in other than spin-stretched states.
The results presented here are for Mtot = −8. When
(one or both) molecules are prepared in states with
|Mi| < Ii, there are multiple s-wave channels corre-
sponding to N (A) = N (B) = 0. Interestingly, when
both molecules are in the state with MRb = −1/2 and
MCs = −7/2 (see Figure 1), there are no energetically
accessible s-wave inelastic channels in the limit of zero
collision energy (e.g., at 1 nK) and the cross section for
the nuclear spin-relaxation is similar to that for collisions
of molecules in the state with Mi = Ii for both nuclei.
This can be seen in Figure 3. However, at around 10 µK,
new s-wave channels become open and the nuclear spin
relaxation becomes a mixture of the second-order nuclear
quadrupole transitions and direct barrier-less transitions
to other s-wave states.
When both molecules are in the state with MRb = −
3
2
and MCs = −
5
2 , there are multiple s-wave channels open
at all collision energies. The nuclear spin transitions do
not have to change L and the cross section for nuclear
spin relaxation is an order of magnitude larger than for
the maximally stretched state. It can also be seen that
the nuclear quadrupole coupling is no longer dominant,
as at low collision energy the is no significant change in
the inelastic cross section when the quadrupole moments
are set zero.
The couplings responsible for nuclear spin relaxation
are also responsible for magnetic Feshbach resonances.
To illustrate this, we calculate the magnetic Feshbach
resonances for molecules prepared in the lowest-energy
spin-stretched state (MRb =
3
2 ,MCs =
7
2 , see Figure 1).
The calculations are performed for a collision energy of
1 nK and the magnetic field range between 0 and 10000
Gauss. The resonance widths are obtained by fitting the
scattering length across the Feshbach resonance to the
formula [48]
a(B) = abg
[
1−
∆
B −Bres
]
. (4)
The quantitative accuracy of the results presented is
limited by the interaction potential surface and the basis
set restrictions. While it is unlikely that increasing the
basis set may decrease the resonance widths observed, it
is necessary to confirm this. To examine the effect of the
interaction potential variation on the width of the reso-
nances, we scale the NH-NH potential by a linear factor,
V scaled = λ × V NH-NH. We computed the resonance lo-
cations and widths using several potential surfaces with
different values of λ and three basis sets: N ≤ 2, L ≤ 2,
N ≤ 2, L ≤ 4 and N ≤ 3, L ≤ 2. The calculation with
the most restricted basis setN ≤ 2, L ≤ 2 yields the reso-
nance widths on the order of 0.1 µG. Increasing the basis
set increases the width of the observed resonances. Fig-
ure 4 plots the resonance locations and widths computed
with two basis sets: N ≤ 2, L ≤ 4 and N ≤ 3, L ≤ 2.
Different symbols correspond to different potential sur-
faces. It can be seen from Figure 4 that, although the
location of the resonances is very sensitive to the poten-
tial energy surfaces, the widths of the widest resonances
are not strongly dependent on λ. This indicates that
the resonance widths are limited by the relatively weak
nuclear-quadrupole interaction and not the anisotropy of
the interaction potential. For the N ≤ 3, L ≤ 2 basis set
the largest resonance widths are around 0.1 mG, with a
single resonance that is 0.1 G wide. For the N ≤ 2, L ≤ 4
basis set the largest resonance widths are around 1 to 10
mG wide.
V. CONCLUSIONS
The main question we have aimed to answer in this
study is, can the widths of magnetic Feshbach resonances
in collisions of 1Σ molecules – such as RbCs – be large
enough to be of experimental utility? Magnetic Feshbach
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FIG. 3: (color online) The eﬀect of the nuclear quadrupole
moments on the inelastic cross section for two molecules in
the initial state (MRb = −
3
2
,MCs = −
7
2
) (upper panel), the
initial state (MRb = −
1
2
,MCs = −
7
2
) (middle panel), and the
initial state (MRb = −
3
2
,MCs = −
5
2
) (lower panel). Black-
dotted curve - the full calculation, red-dashed curve - the
calculation with eQqRb=0, blue-solid curve - the calculation
with eQqCs=0, green-dot dashed curve - the calculation with
eQqRb = eQqCs=0. The calculations are performed at a mag-
netic ﬁeld of 100 Gauss.
resonances are routinely used to control interactions be-
tween ultracold alkali metal atoms. Current technologies
permit the experimental resolution of magnetic Feshbach
resonances with widths on the order of 1 mGauss. Our
calculations show that a combination of intra-molecular
hyperfine interactions with inter-molecular electrostatic
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FIG. 4: (color online) The locations and widths ∆B of mag-
netic Feshbach resonances for collisions of RbCs molecules in
the state (MRb =
3
2
,MCs =
7
2
) computed with various inter-
action potential strengths λ, for the basis sets N ≤ 2, L ≤ 4
(upper panel) and N ≤ 3, L ≤ 2 (lower panel).
interactions can lead to Feshbach resonances with widths
up to 10 mGauss.
We note that the scattering of ultracold alkali metal
dimers is expected to be strongly influenced by multi-
ple resonances arising not only from the hyperfine struc-
ture of molecules but also from the dense spectrum of
ro-vibrational states [49, 50]. We do not observe the
large number of resonances predicted in Ref. [50] because
our calculations use a very limited basis set of rotational
states and no vibrationally excited states of molecules. If
the density of resonances in molecule - molecule collisions
is large enough, the scattering of ultracold molecules may
become predominantly resonant, leading to the formation
of long-lived collision complexes and possible removal of
molecules from ultracold gas through three-body recom-
bination. These losses may preclude the magnetic field
control of ultracold collisions of molecules. The likeli-
hood of these detrimental processes is still a subject of
debate. It will depend on the density of the ro-vibrational
resonances, which should generally be smaller than the
density of the corresponding ro-vibrational states due to
7non-ergodic effects.
The results presented here should be useful for the non-
ergodic corrections in the statistical estimates of the den-
sity of resonances in collisions of molecules with hyperfine
structure [50]. For example, our results show that the
manifold of hyperfine states displayed in Figure 1 partic-
ipating in the scattering dynamics encompassing about
4000 collision channels leads to the appearance of only
about five resonances in the magnetic field interval be-
tween 0 and 10000 Gauss. The next step in the analysis
of resonant scattering of molecules should be a quantum
calculation including a large number of rotational and
vibrational states in addition to the hyperfine structure
of molecules. We hope that the present work will stimu-
late further theoretical work of hyperfine structure effects
in collisions of 1Σ molecules as well as the experimental
studies of ultracold collisions of 1Σ molecules in a mag-
netic field.
VI. ACKNOWLEDGMENTS
This work was supported by NSERC of Canada
[1] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev.
Mod. Phys. 82, 1225 (2010).
[2] S. Inouye, M. R. Andrews, J. Stenger, H. J. Miesner,
D. M. Stamper-Kurn, and W. Ketterle, Nature 392, 151
(1998).
[3] E. Timmermans, P. Tommasini, M. Hussein, and A. Ker-
man, Phys. Rep. 315, 199 (1999).
[4] K. Sengupta and N. Dupuis, Europhys. Lett. 70, 586
(2005).
[5] L.-M. Duan, E. Demler, and M. D. Lukin, Phys. Rev.
Lett. 91, 090402 (2003).
[6] A. Widera, S. Trotzky, P. Cheinet, S. Fo¨lling, F. Gerbier,
I. Bloch, V. Gritsev, M. D. Lukin, and E. Demler, Phys.
Rev. Lett. 100, 140401 (2008).
[7] T. Kraemer, M. Mark, P. Waldburger, J. G. Danzl,
C. Chin, B. Engeser, A. D. Lange, K. Pilch, A. Jaakkola,
H. C. Na¨gerl, et al., Nature 440, 315 (2006).
[8] J. Kinast, S. L. Hemmer, M. E. Gehm, A. Turlapov, and
J. E. Thomas, Phys. Rev. Lett. 92, 150402 (2004).
[9] C. A. Regal, M. Greiner, and D. S. Jin, Phys. Rev. Lett.
92, 040403 (2004).
[10] T. Bourdel, L. Khaykovich, J. Cubizolles, J. Zhang,
F. Chevy, M. Teichmann, L. Tarruell, S. J. J. M. F.
Kokkelmans, and C. Salomon, Phys. Rev. Lett. 93,
050401 (2004).
[11] R. V. Krems, W. C. Stwalley, and B. Friedrich, Cold
Molecules: Theory, Experiment, Applications (CRC
Press, Boca Raton, 2009).
[12] K.-K. Ni, S. Ospelkaus, M. H. G. de Miranda, A. Pe’er,
B. Neyenhuis, J. J. Zirbel, S. Kotochigova, P. S. Julienne,
D. S. Jin, and J. Ye, Science 322, 231 (2008).
[13] H. W. Cho, D. J. McCarron, D. L. Jenkin, M. P.
Ko¨ppinger, and S. L. Cornish, Eur. Phys. J. D 65, 125
(2011).
[14] T. Takekoshi, M. Debatin, R. Rameshan, F. Ferlaino,
R. Grimm, H. Na¨gerl, C. Le Sueur, J. M. Hutson, P. S.
Julienne, S. Kotochigova, et al., Phys. Rev. A 85, 032506
(2012).
[15] J. Deiglmayr, M. Repp, A. Grochola, O. Dulieu,
R. Wester, and M. Weidemu¨ller, J. Phys.: Conf. Ser.
264, 012014 (2011).
[16] P. Zabawa, A. Wakim, M. Haruza, and N. P. Bigelow,
Phys. Rev. A 84, 061401 (2011).
[17] F. Wang, D. Xiong, X. Li, D. Wang, and E. Tiemann,
Phys. Rev. A 87, 050702 (2013).
[18] R. Ferber, O. Nikolayeva, M. Tamanis, H. Kno¨ckel, and
E. Tiemann, Phys. Rev. A 88, 012516 (2013).
[19] G. Pupillo, A. Micheli, H. Bu¨chler, and P. Zoller, in
Cold Molecules: Theory, Experiment, Applications (CRC
Press, Boca Raton, 2009), pp. 421–469.
[20] R. V. Krems, Phys. Chem. Chem. Phys. 10, 4079 (2008).
[21] S. Ospelkaus, K. Ni, D. Wang, M. H. G. De Miranda,
B. Neyenhuis, G. Que´me´ner, P. S. Julienne, J. L. Bohn,
D. S. Jin, and J. Ye, Science 327, 853 (2010).
[22] K. Ni, S. Ospelkaus, D. Wang, G. Que´me´ner, B. Neyen-
huis, M. H. G. De Miranda, J. L. Bohn, J. Ye, and D. S.
Jin, Nature 464, 1324 (2010).
[23] G. Que´me´ner and J. L. Bohn, Phys. Rev. A 81, 022702
(2010).
[24] A. Micheli, G. K. Brennen, and P. Zoller, Nature Physics
2, 341 (2006).
[25] M. Baranov,  L. Dobrek, K. Go´ral, L. Santos, and
M. Lewenstein, Phys. Scr. T102, 74 (2002).
[26] Z. Li and R. V. Krems, Phys. Rev. A 75, 032709 (2007).
[27] P. S. Z˙uchowski and J. M. Hutson, Phys. Rev. A 81,
060703 (2010).
[28] J. M. Brown and A. Carrington, Rotational Spectroscopy
of Diatomic Molecules (Cambridge University Press,
Cambridge, 2003).
[29] J. Aldegunde, B. A. Rivington, P. S. Z˙uchowski, and
J. M. Hutson, Phys. Rev. A 78, 033434 (2008).
[30] D. L. Bryce and R. E. Wasylishen, Acc. Chem. Res. 36,
327 (2003).
[31] S. Ospelkaus, K.-K. Ni, G. Que´me´ner, B. Neyenhuis,
D. Wang, M. H. G. de Miranda, J. L. Bohn, J. Ye, and
D. S. Jin, Phys. Rev. Lett. 104, 030402 (2010).
[32] R. V. Krems and A. Dalgarno, J. Chem. Phys. 120, 2296
(2004).
[33] T. V. Tscherbul, Y. V. Suleimanov, V. Aquilanti, and
R. V. Krems, New J. Phys. 11, 055021 (2009).
[34] S. Green, J. Chem. Phys. 62, 2271 (1975).
[35] M. H. Alexander and A. E. DePristo, J. Chem. Phys. 66,
2166 (1977).
[36] D. E. Manolopoulos, J. Chem. Phys. 85, 6425 (1986).
[37] B. R. Johnson, J. Comput. Phys. 13, 445 (1973).
[38] L. M. C. Janssen, P. S. Z˙uchowski, A. van der Avoird,
G. C. Groenenboom, and J. M. Hutson, Phys. Rev. A
83, 022713 (2011).
[39] L. M. C. Janssen, P. S. Z˙uchowski, A. van der Avoird,
J. M. Hutson, and G. C. Groenenboom, J. Chem. Phys.
134, 124309 (2011).
[40] L. M. Janssen, A. van der Avoird, and G. C. Groenen-
8boom, The European Physical Journal D 65, 177 (2011).
[41] T. V. Tscherbul, G˘. Barinovs, J. K los, and R. V. Krems,
Phys. Rev. A 78, 022705 (2008).
[42] J. N. Byrd, H. H. Michels, J. A. Montgomery Jr, R. Coˆte´,
and W. C. Stwalley, J. Chem. Phys. 136, 014306 (2012).
[43] L. M. C. Janssen, G. C. Groenenboom, A. van der
Avoird, P. S. Z˙uchowski, and R. Podeszwa, J. Chem.
Phys. 131, 224314 (2009).
[44] A. O. G. Wallis, E. J. J. Longdon, P. S. Z˙uchowski, and
J. M. Hutson, Eur. Phys. J. D 65, 151 (2011).
[45] J. Cui and R. V. Krems, Phys. Rev. A 88, 042705 (2013).
[46] E. A. Scarl and F. W. Dalby, Can. J. Phys. 52, 1429
(1974).
[47] A. Volpi and J. L. Bohn, Phys. Rev. A 65, 052712 (2002).
[48] A. J. Moerdijk, B. J. Verhaar, and A. Axelsson, Phys.
Rev. A 51, 4852 (1995).
[49] M. Mayle, B. P. Ruzic, and J. L. Bohn, Physical Review
A 85, 062712 (2012).
[50] M. Mayle, G. Que´me´ner, B. P. Ruzic, and J. L. Bohn,
Phys. Rev. A 87, 012709 (2013).
